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ABSTRACT

Collisions between nitrogen (N) and nitrogen ion (Nþ) are fundamental phenomena in the Earth and planetary atmospheres. In this work,
we carried out a theoretical study of collision data for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions, including scattering cross sections and
collision integrals. Potential energy curves of Nþ

2 are obtained using the state-of-the-art ab initio method and then used to provide the input
for calculations of resonant charge exchange and elastic cross sections. The inelastic (corresponding to the resonant charge exchange
process), elastic, and total collision integrals for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions are computed at 500� 50 000K. An analysis
of the collision integrals shows that the elastic collision process should not be neglected for odd-order collision interactions at low tempera-
tures and still makes a small contribution at high temperatures. Note that this is the first time that the cross sections and collision integrals
for the N(4S)–Nþ(1D) interaction are calculated using ab initio potential energy points. The obtained cross sections and collision integrals
are essential to model the transport properties of the related plasmas.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0161756

I. INTRODUCTION

Nitrogen (N) is the most abundant element in the Earth’s atmo-
sphere. The diffusion of nitrogen ion (Nþ) in N happens in a variety
of situations, such as airglow,1 industrial production,2 the Earth’s iono-
sphere,3 gas discharge,4 and relay electric arc.5 Specifically in the space
vehicles’ reentry process,6,7 where the temperature in the front of the
vehicle is high enough to completely dissociate and partially ionize the
air, the primary mechanism of heat transfer is the diffusive transfer of
the enthalpy of ionization although the concentration of Nþ under
this condition is relatively low.8–10 Overall, the N–Nþ interaction con-
tributes to the transport characteristics of related plasmas, in which
the diffusive transfer is dominated by the resonant charge transfer pro-
cess under most circumstances.

The N–Nþ interaction is also important in planetary atmos-
pheres. For example, Saturn’s atmosphere contains 98% nitrogen, and
the nitrogen ions play an essential role in Saturn’s magnetosphere.11,12

Exploring N–Nþ interaction helps to understand atmospheric sputter-
ing and the source of heavy ions in Saturn’s magnetosphere.13,14 These

interactions also help to provide information on the ionosphere of
Saturn and Titan.15,16

In view of the importance of the N–Nþ interaction in the Earth’s
and planetary atmospheres, it has been investigated in several experi-
mental and theoretical works.17–25 Yaev et al.17 measured the resonant
charge exchange cross sections for the N(4S)–Nþ(3P) interaction
between 7 and 100 eV using the merging beam technique, which con-
trolled the percentage of Nþþ in Nþ to be below 1%. Capitelli18 calcu-
lated the resonant charge exchange cross sections at collision energies
of 0.1, 1, 5, and 10 eV related to N(4S)–Nþ(3P), N(4S)–Nþ(1D), N
(2D)–Nþ(1D), and N(2P)–Nþ(3P) interactions and provided the
inelastic collision integrals at 10 000–20 000K. Subsequently, Capitelli
et al.21 calculated the collision integrals for the N(4S)–Nþ(3P) interac-
tion at 250–100 000K. Their team adopted the phenomenological
method to calculate the collision integrals for the N(4S)–Nþ(3P) inter-
action.24 Most notably, Stallcop et al.20 used a semi-classical WKB
approach to compute the transport cross sections for the N(4S)–
Nþ(3P) interaction based on the theoretical potential energy points
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modified using the Rydberg–Klein–Rees and experimental data. They
calculated the collision integrals for the N(4S)–Nþ(3P) interaction at
250–100 000K. Recently, Eletskii et al.22 estimated the resonant charge
exchange cross sections for the N(2D)–Nþ(3P) interaction using the
asymptotic approach at collision energies of 0.1, 1, and 10 eV. Kosarim
et al.23 calculated the resonant charge exchange cross sections at colli-
sion energies of 0.1, 1, 5, and 10 eV for the N(4S)–Nþ(3P), N(2D)–
Nþ(3P), N(2D)–Nþ(1D), N(2P)�Nþ(3P), N(2P)�Nþ(1D), and N
(2P)�Nþ(1S) interactions using the asymptotic theory. Eletskii et al.22

and Kosarim et al.23 did not provide collision integrals for the N–Nþ

interaction. Overall, most previous studies only focused on the interac-
tion between the ground N(4S) atom and the ground Nþ(3P) atom.
However, there may be excited Nþ(1D) ions in high-temperature plas-
mas, in which the N(4S)�Nþ(1D) interaction should be considered.
Laricchiuta et al.25 calculated the collision integrals for N(4S)�Nþ(1D)
interaction considering the 5Pg,

5Dg,
4R�

u , and
4Du states, while the N

(4S)–Nþ(1D) interaction should theoretically correlate with the 1 4R�
g ,

d 4R�
u , 2

4Pg, 2
4Pu, 1

4Dg, and c 4Du states, so their calculations were
questionable. Previous work20 only considered the inelastic resonant
contribution for the N�Nþ interaction by calculating the odd-order
collision integrals. However, Murphy26 pointed out that effective odd-
order collision integrals should consider the combined inelastic and
elastic collision contributions. Therefore, it is necessary to provide a
more detailed and reliable investigation of collision integrals for the
N�Nþ interaction. On the other hand, Frost et al.2 noted that there
may be multiple electronic excited states of Nþ, such as Nþ(3P),
Nþ(1D), Nþ(1S), and Nþ(1P) states in the plasmas of industrial pro-
cesses, such as reactive ion etching or thin-film plasmas. In state-to-
state modeling plasma flows of the vehicle entry into the Earth’s atmo-
sphere, Bultel and Annaloro27 considered several electronic states of
Nþ, such as 3P0,

3P1,
3P2,

1D2, and
1S0. According to the statistical

mechanism, the lowest two electronic states of Nþ, i.e., Nþ(3P) and
Nþ(1D), are more abundant compared to the other higher electronic
states of Nþ under a specific condition. Therefore, we focus on the N
(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions in this work.

The quality of the potential energy curves (PECs) is crucial for
accurately calculating the collision integrals.28–30 In previous stud-
ies,31–33 frequently used analytical potential energy functions, such as
Lennard-Jones, m-6-8, Hulburt–Hirschfelder, Murrell–Sorbie, and
modified Morse potentials, were often used to describe the interaction
potentials based on experimental spectroscopic parameters. However,
these analytical functions cannot guarantee the accuracy of potential
energy curves at short- and long-internuclear distances. Buchowiecki
and Szab�o28 compared the collision integrals obtained from the analyt-
ical potential energy functions and the interpolation of ab initio poten-
tial energy points. They pointed out the importance of repulsive
potentials to calculate the collision integrals and reported that the ana-
lytical exponential functions to describe the repulsive potentials are
not sufficient to obtain reliable collision integrals. Their results show
that the discrepancies between collision integrals based on analytical
potential energy functions and those determined from the interpola-
tion of ab initio potential energy points were 3.5% for r2X(1,1)� and
4% for r2X(2,2)� at 5000K. Recently, Kim et al.34 and Kim and Jo35

preferred using ab initio potential energy points to compute collision
integrals because the state-of-the-art ab initio methods can provide
theoretically reasonable potential energy points for short- and long-
internuclear distances. Of course, accurately fitting ab initio potential

energy points covering a large internuclear distance by analytical func-
tions, such as the combined-hyperbolic-inverse-power-representation
(CHIPR) method36–38 recently used in our investigation of N�N colli-
sions,30 can also guarantee the reasonable behaviors in the short- and
long-range regions. Note that such treatment can provide the good fit-
ting of ab initio potential energy points, but give questionable extrapo-
lations at internuclear distances beyond ab initio points. Thus, using
such a method needs sufficient ab initio potential points covering the-
oretically reasonable internuclear distances. Such a method can give
nearly the same collision integrals as the interpolation of ab initio
potential energy points, but the fitting processes for all the electronic
states may cost huge time. Therefore, the interpolation of ab initio
potential energy points for the N(4S)�Nþ(3P) and N(4S)–Nþ(1D)
interactions is adopted to calculate the cross sections in this work.

The present work aims to provide detailed and reliable cross sec-
tions and collision integrals for N(4S)�Nþ(3P) and N(4S)–Nþ(1D)
interactions. First, we report the resonant charge exchange and elastic
cross sections using high-quality ab initio potential energy points.
Second, we analyze the contribution of inelastic and elastic collision
processes to the total collision integrals. Finally, we provide the inelas-
tic, elastic, and total collision integrals for N(4S)�Nþ(3P) and N(4S)–
Nþ(1D) interactions at 500� 50 000K.

II. METHODOLOGY
A. Quantum approaches of the collision integrals

For the inelastic collision, the resonant charge exchange is con-
sidered and its cross section can be expressed in terms of scattering
phase shift gl, which only depends on the PECs of {g, u} pairs for the
colliding particles20,22 and is given by39,40

Qex;KðEÞ ¼ p
k2

X1
l¼0

ð2l þ 1Þ sin2ðggl � gul Þ; (1)

where K is angular momentum, k is the wave number (k ¼ ffiffiffiffiffiffiffiffi
2lE

p
, l

is the reduced mass of the ion-parent-atom interaction collision sys-
tem), l is the angular momentum quantum number, and g

g
l and gul are

phase shifts for the symmetric and antisymmetric states, respectively.
The phase shift gl can be defined by the semi-classical
Wentzel–Kramers–Brillouin (WKB) approximation:41–44

gl ¼ k
ð1
rx

GðrÞ½ �1=2dr �
ð1
b

1� l þ 1
kr

� �2
" #1=2

dr

8<
:

9=
;; (2)

where the lower limit rx of the integral is the largest root of the follow-
ing equation:

GðrÞ � 1� VðrÞ
E

� b2

r2
¼ 0; (3)

where b equals to (lþ 1/2)/k, which can be determined by the classical
impact parameter. The total resonant charge exchange cross section
Qex is weighted average of the resonant charge exchange cross sections
of all {g, u} pairs.8,21,45 The weighting factors for calculation of total
resonant charge exchange cross sections are listed in Table I.

The elastic collision includes the momentum transfer and
viscosity-type collision processes. The momentum transfer cross sec-
tion (Q(1)

el ), viscosity cross section (Q(2)
el ), and third moment cross sec-

tion (Q(3)
el ), which can be calculated by46,47
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Qn
elðEÞ ¼

4p
k2

Xn
v

X1
l¼0

alnv sin
2ðglþv � glÞ; (4)

where the values of v are odd or even according to the parity of n. The
coefficients alnv can be determined by the recursion from20

ð2l þ 1ÞxnPlðxÞ ¼
Xn
v¼�n

alnvPlþvðxÞ; (5)

where Pl(x) is the Legendre polynomial. The mean elastic cross section
�QðnÞ
el is obtained by weighting the elastic cross sections of the corre-

sponding states.21

According to the Chapman–Enskog theory,48–50 the reduced col-
lision integrals can be calculated by

r2Xðn;sÞ� ¼ Fðn; sÞ
2ðkBTÞsþ2

ð1
0
e�E=ðkBTÞEsþ1 �QðnÞðEÞdE; (6)

where (n, s) is the order of collision integrals, kB is Boltzmann con-
stant, T is the temperature, E is the collision energy, and �QðnÞðEÞ
denotes the mean inelastic cross section �QðnÞ

in or mean elastic cross sec-
tion �QðnÞ

el . The mean inelastic cross section �QðnÞ
in can be determined

from the resonant charge exchange cross section Qex,
51,52

�QðnÞ
in ðEÞ ¼ 2QexðEÞ; (7)

where n is odd, and Dalgarno et al.51 suggested that the result from
Eq. (7) is probably valid for temperatures greater than 400K in most
cases. The scale factor F(n,s) can be obtained from the following
relation:53

Fðn;sÞ ¼ 4ðnþ 1Þ
pðsþ 1Þ! 2nþ 1� ð�1Þn� � : (8)

The total collision integrals should consider the combined contri-
bution of inelastic and elastic collision processes for the effective odd-
order collision integral, given by26

r2Xðn;sÞ�
total ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2Xðn;sÞ�

in

� �2

þ r2Xðn;sÞ�
el

� �2
r

; (9)

where the subscripts in and el denote the collision integrals derived
from the inelastic and elastic interactions, respectively.

This study developed a Python code to compute the cross sec-
tions and collision integrals for N–Nþ interactions, where the integrals

were computed using the integration module of the SciPy package.54

We set epsrel (i.e., the relative error tolerance) equals to 0.001 and
limit (i.e., an upper bound on the number of subintervals used in the
adaptive algorithm) equals to 1000 in the scipy.integrate.quad module.

B. Ab initio calculations of potential energy curves

In this work, the MOLPRO 2015 program package55–57 was
employed to calculate the PECs of Nþ

2 corresponding to N(4S)–
Nþ(3P) and N(4S)–Nþ(1D) interactions. Abrams and Sherrill58 com-
pared the bond-breaking reactions of BH, HF, and CH4 using the
state-averaged complete active space self-consistent field (CASSCF),
complete-active-space second-order multi-reference perturbation the-
ory (CASPT2),59,60 and multireference configuration interaction
(MRCI) methods. They found that perturbative treatment of dynami-
cal electron correlation was not same as effective as MRCI for small
molecular systems. Celani et al.61 studied the Cr2 using the various
high-level methods, including CIPT2, CASSCF, and MRCI. They
demonstrated that the MRCIþQ method can provide more accurate
calculations for small molecule systems with large basis set. Moreover,
the MRCI method is extensively employed in the most current studies
of diatomic electronic structures.28,62,63 Our calculations use the
CASSCF method, followed by the internally contracted multireference
configuration interaction method, including Davidson correction
(icMRCIþQ).64 Here, we adopted the aug-cc-pV6Z (AV6Z) basis set
to describe the nitrogen atom and ion.65–67 MOLPRO cannot take
advantage of the D1h symmetry, so the D1h molecules must be
treated in the corresponding subgroup. For example, Nþ

2 belongs to
D1h symmetry, which will be replaced by its maximum Abelian sub-
group D2h. The corresponding symmetry operations for D1h and D2h

are Rþ
g !Ag, R

�
g !B1g, R

�
u !B1u, R

�
u !Au,Pg!(B2g, B3g),Pu!(B2u,

B3u), Dg!(Ag, B1g), and Du!(B1u, Au).
In ab initio calculations, four doublet, four quartet, and four sex-

tet electronic states correlating to the N(4S)–Nþ(3P) dissociation limit
and 6 quartet electronic states dissociating to the N(4S)–Nþ(1D)
asymptote are considered, including X 2Rþ

g , B
2Rþ

u , D
2Pg, A

2Pu, 1
4Rþ

g , a
4Rþ

u , b
4Pg, f

4Pu, 1
6Rþ

g , 1
6Rþ

g , 1
6Pg, 1

6Pu, 1
4R�

g , d
4Rþ

g , 2
4Pg, 2

4Pu, 1
4Dg, and c

4Du. The PECs for these 18 adiabatic potential
energy curves are illustrated in Fig. 1. By comparing with previous the-
oretical calculations,20,22,23 our PECs cover a wider internuclear range
to accurately calculate the scattering cross sections and collision inte-
grals (see the supplementary material for details).

Since ab initiomethods are not applicable to calculating potential
energies at very short internuclear distances, the extrapolation of the
potential energies is, thus, required for calculating the collision cross
sections at high collision energies. First, we extrapolate the potential
energy points at short internuclear distances (R< 0.7 Å) by

VðrÞ ¼ x þ ye�zr ; (10)

where x, y, and z are the fitting parameters. Moreover, Bender et al.68

and Valentini et al.69 pointed out that the accuracy of the fitting func-
tion of the potential energy points is essential for calculations of cross
sections. We fit the potential energy points with cubic spline interpola-
tion functions using scipy.interpolate.interp1d module in Python. The
total root mean square errors of cubic spline interpolation functions to
ab initio potential energy points for N(4S)–Nþ(3P) and N(4S)–Nþ(1D)
interactions do not exceed 10�9 cm�1.

TABLE I. The weighting factors for calculation of total resonant charge exchange
cross sections.

N(4S)–Nþ(3P) N(4S)–Nþ(1D)

State Weight State Weight

2Rþ
gðuÞ 2/36 4R�

g(u) 4/40
4Rþ

gðuÞ 4/36 4Pg(u) 8/40
6Rþ

gðuÞ 6/36 4Dg(u) 8/40
2Pg(u) 4/36
4Pg(u) 8/36
6Pg(u) 12/36
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To verify the reliability of our PECs, we compared the calculated
PECs of the B 2Rþ

g and f 4Pu electronic states correlating to the N
(4S)–Nþ(3P) interaction with those of Stallcop et al.20 and Qin et al.,62

as shown in Fig. 2. Stallcop et al.20 calculated PECs at the CASSCF/
GTO level. Qin et al.62 adopted the icMRCIþQ/ACV5ZþDK level to
describe the PECs of N–Nþ interaction. For the B 2Rþ

u state, our
potential energy points are similar to previous theoretical ones20 near
the equilibrium structure. Our potential energy points are slightly
higher than those of Stallcop et al.20 and Qin et al.62 for internuclear
distances larger than 1.5 Å. For the f 4Pu state, our predicted potential
energy points are slightly higher than those of Stallcop et al.20 for inter-
nuclear distances larger than 1 Å. Our PECs match those from Qin
et al.62 for internuclear distances shorter than 1.4 Å. Our potential
energy points are slightly larger than those of Qin et al.62 for internu-
clear distances larger than 1.5 Å. The deviation between our PECs and
those of Stallcop et al.20 comes from the difference in basis sets.
Overall, a good agreement of the B 2Rþ

g and f 4Pu states is observed,

thus confirming a good description of the ab initio PECs for the
N–Nþ interaction in this work. Comparisons of our potential energy
points of other electronic states with those previous calculations are
given in the supplementary material.

III. ANALYSIS OF RESULTS

Figure 3 compares the resonant charge exchange cross sections
for the N(4S)–Nþ(3P) interaction at the collision energy of
2� 10�4–10 Hartree with those determined from previous theoretical
calculations18,20,22,23 and experimental measurement.17 Our resonant
charge exchange cross sections continuously oscillate as a function of
collision energy, which is caused by the interference between each {g,
u} pair of states for the N(4S)–Nþ(3P) interaction. Particularly, our
results differ greatly from those of Stallcop et al.20 in the collision
energy lower than 10�3 Hartree, which may be due to the difference in
the PECs. The resonant charge exchange cross sections agree with the
experimental values17 within630%, and all within the error bars. The

FIG. 1. Potential energy curves for the electronic states including (a) doublet states, (b) quartet states, and (c) sextet states corresponding to the N(4S)–Nþ(3P) interaction,
and (d) electronic states corresponding to the N(4S)–Nþ(1D) interaction.
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resonant charge exchange cross sections display a large oscillatory
structure at low collision energies (see the red box in Fig. 3). As
pointed out by Evans and Lane,70 the oscillatory structure is mainly
caused by the scattering inside the potential barrier. Figure 3 shows
that the scattering inside the potential barrier of the N(4S)–Nþ(3P)
interaction is approximately at a collision energy of 8� 10�4 Hartree.

Figure 4 illustrates the mean transport cross sections �Qð1Þ
in and

�Qð2Þ
el for N(4S)–Nþ(3P) interaction. Stallcop et al.20 took into account

the effects of nuclear symmetry at low collision energies. They adopted
twice the resonant charge exchange cross sections at high collision
energies for mean transport cross sections �Qð1Þ

in . Most studies26,71,72

determined the inelastic cross sections by using twice the resonant

charge transfer cross sections. This work adopts the same treatment.
In the other hand, Stallcop et al.20 considered the effect of the collision
energy on the contribution from each {g, u} pair of states to the mean
transport cross sections. For example, the percentage contributions of
2Rþ

gðuÞ,
4Rþ

gðuÞ,
6Rþ

gðuÞ,
2Pg(u),

4Pg(u), and
6Pg(u) were 7%, 15%, 25%,

7%, 7%, 18%, and 28% for the mean transport cross sections �Qð1Þ
in at a

collision energy of 0.5 Hartree, respectively. This work adopts the
same treatment of most previous studies,8,21,45 and the weighting fac-
tors for calculating total resonant charge exchange cross sections are
listed in Table I. The deviation between our predicted mean transport

cross sections �Qð1Þ
in and those of Stallcop et al.20 is within 620%. Our

FIG. 2. Potential energy curves of the B 2Rþ
g and f 4Pu states for N

þ
2 compared

to those of Stallcop et al.20 and Qin et al.62
FIG. 3. Comparison of the resonant charge exchange cross sections for the N
(4S)–Nþ(3P) interaction as a function of collision energy, where the experimental
results with error bars are from Yaev et al.17 (squares), and the theoretical results
are from Capitelli18 (pentagons), Stallcop et al.20 (cycles), Eletskii et al.22 (rhom-
buses), and Kosarim et al.23 (triangles), respectively.

FIG. 4. Comparison of the mean transport cross sections (a) �Q
ð1Þ
in and (b) �Q

ð2Þ
el for N(4S)–Nþ(3P) collisions, where the blue symbols including squares and circles are from

Stallcop et al.20

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 087120 (2023); doi: 10.1063/5.0161756 35, 087120-5

Published under an exclusive license by AIP Publishing

 19 August 2023 02:49:20

pubs.aip.org/aip/phf


viscosity cross sections �Qð2Þ
el are in satisfactory agreement with those of

Stallcop et al.,20 and the deviation is almost negligible for collision
energies larger than 0.1 Hartree.

Figures 5 and 6 present the mean inelastic and elastic cross sections
for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions at a wide range of col-
lision energy. 500 and 50 points are considered in the collision energy
range of 10�6–1.0 Hartree and 1.0–10 Hartree, respectively. We accumu-
lated the value of the angular momentum quantum number l to 30000
and 10000 for calculations of the resonant charge exchange cross sec-
tions and elastic cross sections, respectively, ensuring a decimal accuracy
of five significant figures for both types of cross sections. The elastic cross

sections �Qð1Þ
el , �Q

ð2Þ
el , and �Qð3Þ

el for N(4S)�Nþ(3P) and N(4S)–Nþ(1D)
interactions exhibit continuous oscillations at collision energies smaller
than 0.1 Hartree, due to the significant variation of partial phase shift in
this collision energy region. Note that the inelastic and odd-order elastic
cross sections are in the same order of magnitude at low collision ener-
gies, so the contribution of the elastic collision process should not be
neglected while calculating the odd-order collision integrals.

As Cohen and Schneider39 pointed out, the onset of excitation
transfer can be much slower if the differential potential energy
does not rapidly approach zero beyond the maximum potential
energy. The difference of the large potential energy between the {g,
u} pairs of the D states [see Fig. 1(d)] determines the slow decrease
in inelastic cross sections for the N(4S)–Nþ(1D) interaction at col-
lision energies smaller than 10�4 Hartree, as shown in Fig. 6.
Similarly, the {g, u} pairs of theP states dominate the rapid decline
of resonant charge exchange cross sections at collision energies of
10�4�5� 10�3 Hartree. In particular, the resonant charge transfer
process begins to dominate the collision process for N(4S)–Nþ(3P)
and N(4S)–Nþ(1D) interactions at collision energies larger than
10�3 and 10�2 Hartree, respectively.

Table II presents the comparison of inelastic collision integrals

r2Xð1;1Þ�
in and elastic collision integrals r2Xð2;2Þ�

el for N(4S)–Nþ(3P)
interaction with the previous theoretical data,20,21,24 respectively. For

inelastic collision integrals r2Xð1;1Þ�
in , our results are in better agree-

ment with those of Stallcop et al.,20 with a deviation not exceeding

FIG. 5. The inelastic and elastic cross sections corresponding to N(4S)–Nþ(3P)
interaction as a function of collision energy.

FIG. 6. The inelastic and elastic cross sections corresponding to N(4S)–Nþ(1D)
interaction as a function of collision energy.

TABLE II. Comparison between collision integrals r2Xð1;1Þ�
in (Å2) for N(4S)–Nþ(3P) interaction calculated in the present work (columns a), Stallcop et al.20 (columns b), Capitelli

et al.21 (columns c) and Capitelli et al.24 (columns d).

T (K) r2Xð1;1Þ�
in (a) r2Xð1;1Þ�

in (b) r2Xð1;1Þ�
in (c) r2Xð2;2Þ�

el (a) r2Xð2;2Þ�
el (b) r2Xð2;2Þ�

el (d)

500 33.260 38.17 � � � 18.326 16.41 13.44
1000 29.747 34.27 � � � 14.234 13.27 11.41
2000 26.890 31.39 34.5 10.904 10.50 9.54
5000 23.827 28.30 30.7 7.773 7.74 7.33
8000 22.419 26.86 � � � 6.417 6.48 6.30
10 000 21.782 26.19 28.1 5.761 5.84 5.84
15 000 20.667 25.00 26.5 4.600 4.66 5.04
20 000 19.910 24.18 25.5 3.838 3.87 4.51
50 000 17.638 21.70 22.3 2.044 2.04 � � �
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19% below 50 000K. For viscosity collision integrals r2Xð2;2Þ�
el , our

results are in better agreement with those of Stallcop et al.,20 in partic-
ular in the temperature range of 5000–50 000K. By comparing with
those obtained by the phenomenological method,24 the maximum
deviation is more than 36% at 500K.

Table III reports the comparison of collision integrals r2Xð1;1Þ�
in

for N(4S)–Nþ(1D) interaction with results from Capitelli.18 The PECs
were derived from calculated by Andersen and Thulstrup73 using the
ab initio complete valence shell configuration interaction method. Our
results are in satisfactory agreement with those of Capitelli,18 with the
percentage error not exceeding 14%.

Figure 7 displays the elastic collision integrals r2Xð1;1Þ�
el , inelastic

collision integrals r2Xð1;1Þ�
in and total collision integrals r2Xð1;1Þ�

total in a
wide temperature range for the N(4S)–Nþ(3P) interaction. The maxi-
mum contribution of the elastic collision accounts for about 13.9% of
the total collision integral r2Xð1;1Þ�

total at 500K. Moreover, it still accounts
for 2.6% even at temperatures up to 10 000K. Compared with the total
collision integrals with or without the elastic collision process, the
elastic collision process contribution should not be neglected for
odd-order collision interactions at low temperatures and still make a
small contribution at high temperatures.

Figures 8 and 9 illustrate the inelastic and elastic collision inte-
grals for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions at
500–50 000K, respectively. Note that the inelastic collision integrals
for N(4S)–Nþ(1D) interaction are not like the usual case of monotoni-
cally decreasing with increasing temperature at low temperatures,
which may be caused by the large oscillatory structure of the inelastic
collision cross sections at low collision energies, as shown in the red
box in Fig. 6. At low temperatures, both the inelastic and elastic
collision integrals for odd-order collision process are important for N
(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions, while the elastic collision
integrals contribute less to the total collision integral at high tempera-
tures. Therefore, although the resonant charge transfer process plays

TABLE III. Comparison between collision integrals r2Xð1;1Þ�
in (Å2) for N(4S)–Nþ(1D)

interaction calculated in the present work (columns a) and Capitelli18 (columns b).

T (K) r2Xð1;1Þ�
in (a) r2Xð1;1Þ�

in (b)

10 000 11.570 10.2
12 000 11.212 10.0
14 000 10.937 9.9
15 000 10.818 9.8
16 000 10.712 9.7
18 000 10.521 9.6
20 000 10.356 9.5

FIG. 7. The total collision integrals (solid line) corresponding to N(4S)–Nþ(3P)
interaction, resulting from elastic (dashed line) and resonant charge exchange
(dot–dashed line) contributions.

FIG. 8. (a) Inelastic and (b) elastic collision integrals corresponding to N(4S)–Nþ(3P) interaction as a function of temperature.
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an important role in the odd-order collision process for N–Nþ interac-
tion, the combined contribution of the inelastic and elastic collision
process needs to be simultaneously considered for accurately calculat-
ing the total collision integrals. Figure 10 shows the total collision inte-
grals for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions at
500–50 000K. The details of the inelastic, elastic, and total collision
integrals are available in the supplementary material.

IV. CONCLUSIONS

In this work, we have presented a theoretical study of scattering
cross sections and collision integrals for N(4S)–Nþ(3P) and N(4S)–
Nþ(1D) interactions in the framework of the semi-classical approach
based on ab initio potential energy points of Nþ

2 . In particular, we con-
sider the collision energies up to 10 Hartree and the combined

contribution of inelastic and elastic collision processes for collision
integrals. The results show that the elastic collision process should be
considered in determining the odd-order collision integrals, especially
at low temperatures. Finally, the inelastic, elastic, and total collision
integrals for N(4S)–Nþ(3P) and N(4S)–Nþ(1D) interactions are
obtained for temperatures ranging from 500 to 50 000K and these
data have potential significance for modeling the transport properties
in air plasmas and planetary atmospheres.

SUPPLEMENTARY MATERIAL

The supplementary material includes comparisons of our poten-
tial energy points for N(4S)–Nþ(3P) interaction with those from previ-
ous calculations given in Comparison.pdf, the ab initio potential
energy points given in ab initio potential energies.txt, inelastic, elastic,

FIG. 9. (a) Inelastic and (b) elastic collision integrals corresponding to N(4S)–Nþ(1D) interaction as a function of temperature.

FIG. 10. The total collision integrals corresponding to the (a) N(4S)–Nþ(3P) and (b) N(4S)–Nþ(1D) interactions as a function of temperature.
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and total collision integrals for N(4S)–Nþ(3P) and N(4S)–N(1D) inter-
actions given in N(4S)–Nþ(3P) elastic collision integrals.txt, N(4S)–
Nþ(3P) inelastic collision integrals.txt, N(4S)–Nþ(3P) total collision
integrals.txt, N(4S)–N(1D) elastic collision integrals.txt, N(4S)–N(1D)
inelastic collision integrals.txt, and N(4S)–N(1D) total collision integrals.txt.
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